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ABSTRACT

In the present paper, we evaluate the general
finite integral involving the exponential function,
generalized Hurwitz’s-Lerch zeta function of two variables
and the modified of generalized I-function of two variables.
At the end, we shall see several corollaries and remarks.
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I. INTRODUCTION AND
PRELIMINARIES

Kumari et al. [14] have defined the I-function
of two variables. On the other hand, Prasad and Prasad
[18] have studied the modified generalized H-function of
two variables. Recently Singh and Kumar [22] have
worked about the modified of generalized I-function of
two variables. This function is an extension of the I-
function of two variables and modified of generalized H-
function of two variables. In this paper, first, we define
the modified generalized I-function of two variables.

Then we calculate the finite integral involving this
function. At the last section, we will see several cases
and remarks. The double Mellin-Barnes integrals
2010 Mathematics Subject Classification: 33C05, contour occurring in this paper will be referred to as the
33C60. generalized modified I-function of two variables
throughout our present study and will be defined and
represented as follows:

integrals contour, finite integral, generalized extented
Hurwitz’s Zeta function of two variables.

We have
71 | {(ais 0, A A g, 2 {(ci3 % Cis Ci) b, © L€ B4 Bi) b s, 1(95 Gis Ga) b pa

I o) = [T ML, T2, s R T T
(21, 22) P1,91,P2,923P3,43;P4,44

2 | {(bi B BB {00536, D Db + (s B Fod b s {(hss His H)b
1
:(27rw)2fL /L 0(s, t)1h(s)¢(t) 21 25dsdt (1.1)

where

]___[?:1]_ B (b_;, - ﬁjS - Bjt) H?;1 A (1- a; + ;s + Ajt) ]__[;n:zl rb; (dj - 63'8 + Djt)

0(8, f) = L 1 . 2
[[L,, 1 TR (1 = b + Bjs + Bit) [[52,,, 11 T (a; — ajs — A;t) T3, TP (1 — d; + d;8 — Djt)
[1;2, 09 (1 - ¢; + 55 — Cjt) 12)
[T;2, TC (e — s + Cjt) '
[T, TFa (f5 — Fis) [152, T® (1 — ¢; + Ejs) 13

P(s) = a3 'F; (1- fj + FJS) ?3

j=m3+1 =n3+1

FE? (Ej — EjS)
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and

I T~ BTG T g, 1 Gt
TH; (1 — h; + Ht)[[PL, ., [%i(g; — G;t)

B(t) = (1.4)

] =ma+1 J=na+1

where zjand z are not zero and an empty product is interpreted as unity. Also m;, n;, p;,qi(i = 1,2,3,4) are all
positive integers such that 0 < m; < ¢;;0 < n; < pi(i =1,2,3,4). The letters «, 5,7,4, A, B, C, D ,F, G, H and
A, B, C and D are all positive numbers and the letters a, b, c, d, e, f, g, h are complex numbers.

the definition of modified generalized I-function of two variables given above will however, have a meaning even if
some of these quantities are zero. The contour L; is in the S-plane and runs from —woo to +woc with loops, if necessary,
to ensure that the poles of I‘Bi(bj —Bis=Bit)(i=1,--- ,my), I‘D‘(di — s+ Dit)(t=1,--- ,mz) and
IY(f; = Fys)(i=1,- ,mg), are to the right and all the poles of [ (1 —a; + ajs+ At)(j =1,--- ,my),
TE(1—¢;+ Ejs)(j=1,--,n3)and (1 — ¢; +vjs — Cjt)(j = 1,--- ,n2) lie to the left of L. The contour L is
in the t—plane and runs from —woo to 4woo with loops, if necessary, to ensure that the poles of
IBi(b; — Bis— Bit)(i = 1,--- ml) THi(hj — Hjt)(j = 1,--+ ,ma) TS (1 = ¢; +vjs — Cjt)(j = 1,- -+ ,na) are to
the right and all the poles of T™(1 —a; + ajs + A;t)(j = 1, ,m), TP¥(d; — §;s + Djt)(j =1,-+- ,my) and
TS (1—g; + Gjt)(j = 1,--- ,n4) lie to the left of L. The poles of the integrand are assumed to be simple.

The function defined by the equation (3.1) is analytic function of z; and =z if

Pl P2 P3 q1 q2 q3

ZA#%: +ZC?,"/7,+ZE7,E1 < ZB?,B:' +ZD7:57: +ZF1:F1: (1.5)
i1 i1 i1 i=1 i—1 i=1

P1 P P q1 q q
S A4 +22:DLC,— 1 i:GI-G.L <Y BB +ictci +§4:HIHI (1.6)
i=1 i=1 i=1 1=1 i=1 i=1

1 1
The integral (3.1) is absolutly convergent if |argz;| < §U T, largzs| < 3 V' where

U:ZlAjij* Z Aa:"‘ZﬁB Z ;B +Zcﬂf Z C; fﬁ+ZD5
=1

j=n1+1 j=mi+1 J=nz2+1

P m q
Z D;6, +ZEE - i EjEj+iFij— i F,;F; >0 (1.7)
j=ma+1 j=nz+1 j=1 j=mz+1
™ P my 2 P2 ma
= A4— Y A4+ BB - Z B,B. +ch - ) ¢+ DD,
Jj=1 J=n1+1 Jj=1 J=ma1+l Jj=na+1 Jj=1

ZD5+ZGG—ZGG+ZHH— ZHH>O (1.8)

j=ma+1 Jj=na+1 Jj=1 Jj=ma+1

We may establish the the asymptotic behavior in the following convenient form, see B.L.J. Braaksma [7].
I(z1,22) = 0(|21]™", |22 ) , maz( |21], |22 ) = 0

I(z1,22) = O( |z1],] 221" ) , min( |z1], |22 | ) = 0 :

. fi h;
oy = léfilgrlna Re {Fj (F]; El]]d‘ g = 151511@4 Re |H; E?;-
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Aom L e M Ty )| d e e e B T,

Now, we cite several generalized Hurwitz’s Zeta function. The estended Hurwitz’s Zeta function ¢(z, s,a) is defined by
[9,24] :

n

d(z,8,0) =300 o (1.9)

The authors Bin-Saad, Garg et al. [5,6] and other workers have defined a generalization of the Zeta-function by :
¢"(2,8,0) = Yoo (e (1.10)
wherey € C,a € C\ Z°% s € C when |z| < 1, Re(s — p) > 1 when |z| = 1.

We note

A*(’P’L 8 a) ((IEI-MS—)}?"?I’ (111)

We define a generalized of extended Hurwitz’s Zeta function of two variables. First time, we define a generalized Exton
function of two variables [10], Exton function of two variables [11] and Kampe de Feriet function [25,26], then we will
give generalized extented Hurwitz’s Zeta function of two variables by using the notations about the generalized
hypergeometric function of two variables defined above.

. L . o A:B;C;D :
The generalized Exton function is defined by [10,page 339, Eq. 13], it’s note Hz; GM; v () with

A:B:C;D A:B:C;D (aa) : (ba): (cc): (dp)
Hecevn(@y) = Hpahvin

¥

4,5=0 [eglzi+jlgclitilmumlilnn]; &8 !

‘ Xy ] z [aalzitj[brlivilec]li(dnl; x* y_(l 12)
(eg) : (QG) (mM (nn)

where 0 < |z|, |y| < 1.

If B=G =0 in (1.20), then the above function reduces to the double hypergeometric function defined Exton [11,
p.137, Eq.12]

A:C;D ACiD (84) : (cc); (dp) [aalzitjleclildply 2t yf
_ : v |— s~ faalaisjleclildply oty 1.13

where 0 < |z|, ly| < 1.

If A =E =0 in (1.20), then the above function reduces to the double hypergeometric function defined Kampe de
Fériet, see Srivastava, Srivastava and Pathan, [25, p. 423 (26)] and [26] respectively.

(aa) : (bB); (cc); (dp)

FESiR @ y) = HOZGR, xy = Y0y pogleglecklinl o u (1.14)
(eE)'(Q'G)'( )(”N} 12V) [9G]z+3['mM]z[nN]; tg!

where 0 < |z[, |y| < 1.

Recently Pathan and Daman [12] introduced a generalization in terms of double series representation :

P o (@)i(B):(N);(v); 28 1.15
aiBiy i (568 @) = 2050 i) (0)y (adpiead)® & 5 (1.15)

We will note
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) _ (e)i(B)i(A)4(v);
airria i (5:0) = ()i (V)i (v); (atpitaj) %:% (1.16)

where v,v,a ¢ {0,-1,-2,---},s € C,p,q, Re(s) > 0 when |z|,|t| <1 and Re(y+v+s—a—-B-A—pu)>0
when [2] = [t| =1.

Pathan et al. [16] give a extension of the generalized Hurwitz-Lerch zeta-function of two variables defined by

DA BN v pio — oo [aH12i+j [BJ]i-{—j['TK]i[AL]j z'td ]_]_7)
Ry i L N e viw (26 8,0) = EU:O [unlz2its[vrlitslpv]ilow]; i3l (a+pitqs)s (

under the conditions named (E)
ag(H=1,---,h),B8;(J=1,--- k), vyx(K =1,--- ,1),Ar(L = 1,--- ,m) are complex numbers puy(N =1,--- ,n),

vr(R=1,---,r)ppv(V=1,-- ,v),ow(T =1,--- ,w),a € C\ Zy,p,q > 0,s € C, Re(s) > 0 when ||, |¢| < 1 and

Re (ZTJ{F:I M+ Z;{:l VR + Dy st wazl or +s8— E,I:':l Qg — Zi‘c(:l Bk — Zi’{:l VK — 211 AL) >0 when
ol =t = 1

We will pose :

p,g A BV M s _ [emlai; [Bolivilvr]ilMls z' 7
AH:J;K;L;M,N:R;V;W(Ss a) [en]2it; Rt [pvilolw 7 a+pitqs)® (1.18)

LetJ = R = (), we get

PaRTA T _ v lam]2itj[vrlilNi; 24t 1.19
¢H:K;L;M,N:V;W(z!t: S,CL) qu)j:ﬂ [#N}21;+j [PV]é[UW]g i‘.j!{a—i—pi—l—qj)s ( )

under the conditions named (E’)
ag(I=1,- h),vx(K =1,---,1),Az(L =1,--- ,m) are complex numbers un(N =1,--- ,n), pv(V =1, ,v)

ow(T =1,--- ,w),a € C\ Zg,p,q > 0,5 € C,Re(s) > 0 when |2], |t| < 1and
Re (Xhos tin + X5 po+ S0+ 5= iy an = e v — £y An) > 0 when |2] = [t = 1.

We will note

P AT O _ lom]eiv;[yxlilMl; 1 1.20
AN (58 = [l Tov ] owl; Gatpita)? (120

We suppose H = N = (), we have

a8 Ao _ 0O [Ba)it[vic]s Ml 24t 1.21
pq(I)K;L;M:R;v;w(z’t’S’a) - Ziaj=0 [vrlitjlov]ilow]; ilil(a+pitqs)® ( )

under the conditions named (E™)

Br(J=1,-- k), yk (K =1,---,1), are complex numbers unx(N =1,--- ,n),vg(R=1,---,7), ppy(V =1,--+ ,0)
ow(T=1,--- ,w),a € C\Zy,p,q>0,s € C, Re(s) > 0 and we have the following relation

Re (ngzl VR + X1 s+ Yoy 07 + 8 — Semy B — Digmy 7K — Lps )\L) > O when |z| = |t| = 1.

We will use the following formula.

4 ABAvigo _ 1BalivjilyrlilMl; 1 1.22
PUAR LM R (5:0) = [Wrlitvilpv]ilow]; 5! (a+pitql)® (1.22)
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Il. REQUIRED INTEGRAL

In this section, we give a general finite integral, see Brychkov ([8], 4.2.5 Eq.123 page 147).
Lemma

2s+2
. T (25 + 2
IN 2%(a — )5t 2ePVEOR)qg — 9251 frg2sti O (25 +2) Wl | 7 (2.1)
F(Q + ) 2s+3

o

where Re(s) > —1,|arg(2 — ab)| < 7, a > 0.
I11. MAIN INTEGRAL

In this section, we study a generalization of the finite integral involving the modified generalized I-function of
two variables and the de he generalized Hurwitz-Lerch zeta-function of two variables defined by Pathan et al. [13].
Theorem

foa’ 7 (a’ — z)tEebVEa —2) Pap ﬁﬂ’c B ey, w(ZzA(a’ — 2)AT2B(d’ — 7)B 5, 0)

r
1 p\™
(Z12°(a - )C, Zaz” (a = 2)P)do = 2727 a3 3075 o PG RN v (5 0) 7 ()

i) 9—2Ai—2Bj ,2Ai+2Bj ma,n1+1:me,naims,Naima,ne
2’12 a Ly ¥1,q1+1:p3 g2 7P, 33:pa 4

N\ 2C
% (?) Ay, {(as iy A Ad) bps 2 {(ei73, Cis Ci) s < {(€65 B Ei) }ps s {(96 Gis Gi) b

o

where

. 3.1)
)w {(bs; Bi, Bi; Bi) b gy, B o {(di; 04, Di; Di) }ogy - {(fi5 Fi3 Fi) bger { (hs His Hi) b g,

T

A =(-1-2u—24i-2Bj—n';2C,2D;1); B, = (77 —2u — 2Ai — 2Bj;2C,2D; 1) (3.2)

1<jsms

provided Re(s) > —1, larg(2 — ab)| < 7, a > 0. =1 < Re(u+ Ak + Bl) + 2C' min Re (F 1]; ) and

—1 < Re(u+ Ak + Bl)+2D min Re (G g;’ ), A,B,C,D >0 and the conditions (E) are verified

1gjsmy j
1 1
and ,|largz| < §U m, largz| < §V7r, the numbers U and V are defined respectively by the equations (1.7) and
(1.8).respectively,

Proof
To prove the theorem, expressing the generalized Hurwitz-Lerch zeta-function of two variables defined by Pathan

et al. [13] in series with the help of (1.17) and the modified generalized I-function of two variables in double Mellin-
Barnes integrals contour with the help of (1.1) and interchange the order of the series and integrations which is justifiable
due to absolute convergence of the integral involved in the process and collecting the power of , this gives L

L= foﬂl w4 — p)ti etV ) papgBnAenes . o (ZeA (@ — 2)4, T2 (d/ — )P, 5,a)
I(Zla:C(a . m)07 ZzscD(a _ :c)D)dx — 2—2u—1ﬁa2u+% Z?}:o 7iTd 9—2Bi—2Cj ,2Bi+2Cj

a: JAL LI 05 1 s
PaA %WK LM N RV 7(27@)2 fL . 0(s, t)1p(s)o(t) 25 Z3
1 2
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foal gutAi+By+Cs+Di(gf _ .,L.)qu%7Az'+Bj+C's+Dteb\/:r(a’—m) dx ds dt (3.3)

We use the lemma, this gives:

S w(a’ — o)tV PRGN L (ZaA (@l - 2) A, T — 2)P,5,0)

I(Z12%(a - 2), Zoz®(a — 2)P)dw = 2721 Jra2u+d Y05 PIAGETAETRT o (s,0)
7,

imj 9—2Ai—2Bj . 2Ai+2B] ——— O(s t),d) s ¢, t ZSZt 2—2As—23ta12As+ZBt

22T QM 2bygeit J(zﬂ.w)z . Lg(’ (s)p(t) 2723

2u-+2Ai+2Bj+20s+2Dt+2
(2u+2A4i+2Bj+2Cs+2Di42) ab )dsdt (3.4)

T(2u+24i+2Bj+2Cs+2Dt+3) 2u+2Ai+2Bj%ﬁcs+2Dt+g :

o0

We replace the Gauss hypergeometric function by the serie Z, (see Slater [23]), under the hypothesis, we can
n'=0
interchanged this serie and the (s, t)- integrals, we have :

L= [ 2% — o) +hetValw =) papfliadpins v w(Zat (@ - 2)4, T2 (@ - )P, s,a)

0
—2y— 3 oo Byt e N
1(Z12%(a — 2)%, ZoxP (a — 2)P)do = 27241 /ma®" 2 ) 5 o PﬂA‘Efﬁj{tﬂﬂﬂ,{R;v;w(sja) # ("'7”)
- v omiioes L
A 2—281—26‘3a2Bz+2Cg 2/ 9(8,t)w(s)¢(t)ZfZ§ 22Atat—2At
(2mw)? Jp, Jr,
[(2u+2Ai+2Bj+2Cs+2Dt+2) (2u42A4i42Bj4+2Cs42Dt4-2), ds dt
[(2u+2Bi+2Cj+2Cs+2Dt+3) T(2u+2Ai+2B;+2Cs+2Dt+3),. (3.5)
Now we appel the relation I'(a’)(a’),, = I'(a’ + n), this gives :
L= f; z%(a’ — :r:)“*%eb 2(a'—=) p’@%:ﬁj;};{,\;ﬂwﬁﬂ\;ﬂmv;w(Z.’EA(G»’ _ w)A,TCL'B(a" . :U)B,s,a)
—u— 3§ .
1(Z12%(a — )¢, Z3(a = 0)P)dw =272 VRa? 3 Ko paagimdne, o (s,0) 7t ()
o 1
773 9—2Bi-2Cj ,2Bi+2C; > / O(s, t))(s)(t) Z5 ZE 924t o1 —2At
(2mw)? Ji, Jr,
T(2u+2Ai+2Bj+2Cs+2Dt+24n’) ds dt 36)

I'(2u+2A4i+2Bj+2As+2Dt+3+n’)

We interpret this double Mellin-Barnes integrals contour of the modified generalized I-function of two variables, we obtain
the desired result.
In the following section, we cite several particular cases of this I-function of two variables.
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IV. SPECIAL CASES

First time, we consider the generalized I-functions of two variables which are special cases of the modified of
generalized I-function of two variables. We have and
Corollary 1

foaf z*(a’ — z)vtzebVa@ -2 qg papafiidmiee (7240 — 2)4, TeB(d’ — z)B, s, a)

y B Ly iy (RE]

’

Y 3 N I n
1(Z12%(a ), Zoa®(a —2)P)de = 277 aa™ 3 5 paAGIR S (5,007 (%)

L . . . yminy+lims,naimg,ng
ZiTd 9—2B1-2C) o2Bi+2C) Ip1+l,q1+1:pa,q3:p4,Q4

20
Z (7) Ar, {(as;ai, Ay Ai) b, {(5 B Bi) bopsy {(965 Gii Ga) bps

(4.1)
Zo (07,)213 {(bs; Bi, Bis Bi)} 1,00, B« {(fis Fis Fi) }gay {(has His Hi) b1 g,
2
under the same conditions and notations that the theorem and ms = ng = ps = gz = 0. We have
1 1 .
largz| < §U17r, largza| < §V17r, where Uj and V, verify :
[43% 7 my q1 ng P3 m3 qs
U= Ajo;— Y Ajoy+> BiBy— > BBAY EE - Y EE+Y F,F- Y FF>0 (42
i=1 j=n1+1 j=1 j=my+1 i=1 j=na+1 j=1 j=ma+1
] 1 my q1 g Pa Mg g4
Vi= ZAjAj — Z AJAJ' + ZBij - Z Bij+ZGjGj - Z GJ‘GJ' + ZHjHj - Z HjHj > 0(4_3)
=1 j=n1+1 =1 j=mi+l =1 j=na+1 i=1 F=ma+1

Now, we consider the above corollary with m;=0, the function defined in the beginning reduces to I-function of two
variables defined by Kumari et al. [14], this gives.
Corollary 2

J& w(a! — @)t VT g PRGETART L (Z2A @ — 1), TP (@ — )P, 5,0)

n
1(Z12(a — 2)°, ZpzP(a — 2)P)dw = 272 N /ma B 5030 o paagEmdene (s 0 (52)

N 3 . . 70,1 +1ima,n3ima,ng
73T 9-2Bi—2C5q2Bi+2C5 LpIi 014 1ips g3pa,00

N 20
Z (?) Ag, {(ai; i, Ai; Ai) bop, - {(€i5 B Eq) bops, {(96 G Gi) bops
' (4.4)

Zo (;’)QD {(bs; Bi, Bi; Bi) }1,4,,B1 ¢ {(fm Fi;Fi)bge {(his Hiy Hy) b g,

2

1 1
by respecting the conditions cited by the corollary land m; = 0. This gives : |argz;| < §U{Tl', largzs| < EVfTr’ Uj

where V7.
1 251 q1 ng P3 ma g3

U, =ZAjaj - Z Ajaj—ZﬁjBﬁZEjEJ— S OEE+Y FEi— Y FiF;>0 (4.5)
i=1 j=n1+1 =1 i=1 j=na+1 j=1 j=ma+1
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1 1
by respecting the conditions cited by the corollary land m; = 0. This gives : |argz| < §U{7r, largza| < =V, Uj
where V7.

P3

1 ng ms q3
Ui=> Ajo;— Z Ajo; — Zﬁg Y EBE - Y BE+Y EE- Y FE>0 (4.5)
j=1

j=n1+1 J=1 j=na+1 =1 Jj=ma+l

ZAA— Z A A, ZBBﬁZGG— Z G,G; +ZHH— Z H,H; >0

j=ni+1 J=na+l J=ma+l

(4.6)

The modified generalized I-function reduces to Modified generalized H-function defined by Prasad and Prasad [14]. we
have:(A;=B;=C;=D; =E; =F; = G; = H; = 1) and we get :

Corollary 3
foa' z¥(a’ — z)vtzelVa —T) g PIBY %Tf{ f;}’;\,ﬂR v W(st:A (' — )4, TxB(a' — 1)B,5,a)
H(Z12%(a — 2)°, ZozP (a — 2)P)dz = 2724~ /ma?+3 Dijm—0 PIAg %’71’( L ryvw (s, @)

r
1 a'b " i 0—2Bi—2C'7 2B my,n1+2:ma,neima,n3ing,n
= ¥ i 7 i+2C5 1,71 2,M217M3,13 74,4
n'l ( 2 2’772 a HP1+2:QI+2 P2,92°P3,93:P4,44

)\ 2C
2y ( ) Al {(ais i A hopy (6% Ci) bps & (€6 Bi) bpsy {095 Gi) bopa

. . (4.7)
7o (%’)QD {(bi; Bi, Bi) 11,00, BY 1 {(dis 0i, Di) b1,g5 = {(fis Fi) }1,gs5 { (i Hi) }1,q,

with the same conditions and notations that theorem 1 and (A; = B; = C; = Dy = E; = F; = G; = H; = 1), where

1 1
largz| < §U17r, largzs| < EVlvr, Ui and V; are defined by the following formulas :

mn1 P mi P2 ™o
U1:Zozj— Z lej+Zﬁj— Z ,634‘2’7_? Z ’)fj'i'ZJj

j=1 G=nit1 =1 j=mi+1 j=na+1 j=1

P
—25+ZE—iE+2F—ZF>0 (4.8)
j=ma+1 j=nz+1 j=mz+1
ZAf Z A+ZB7 Z B+ZCf Z C+ZD
Jj=ni1+1 J=mi+1 j=na2+1

q2 Ty Pa My 94
Z 5J+ZG3;_ Z Gj‘i'ZHj— Z Hj>0 (4.9)

j=ma+1 =1 j=n4+1 =1 j=ma4+1
where :
Al = (-1-2u—24i-2Bj—n';2C,2D); B} = (-3 — 2u — 24i — 2Bj;2C,2D) (4.10)

We suppose mgz = ng = pa = g2 = 0, we obtain the generalized H-function of two variables and we have :

m This work is under Creative Commons Attribution-NonCommercial-NoDerivatives 4.0 International License.
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Corollary 4

foa u(a! — )t etV @ -2l qg PRGNS (ZaM o — )4, ToP(a’ — )P, 5,0)

—2u— 3 -B-
H(Z1z%(a - 2)¢, Z5a®(a — 2)P)de = 277 WmaP 1550 o PaAG RN rovw (5,0)

’
L (ab\" ipjo-2Bi-205 2B m1,n1+2:ms ngima,n
- j i+2C7 1,71 3,70317714,704
n'! ( 2 2772 @ HP1+2,¢11+2 1P3,43:P4,94

N2
2 (%) | AL {(asan A g : (e ) apor {(65:G)}ame
’ ' (4.11)

2 (£)"° | (05803 s B s (i F b (s H) i

By respecting the conditions and the same notations write in the above corollary and we have the following conditions
where:

1 1
largz| < §U17r, largzs| < §V17r, Ui and V; are defined by the following formulas :

1 P1 m1 q1 12 P2 ma
i=Da;= > o+ Bi— Y Bi+d %~ D, wm+) 0
j=1 j=n1+1 j=1 Jj=mi+l j=1 j=nz+1 Jj=1
D
Zé+ZE—ZsE+ZF— ZF>0 (4.12)
j=ma+1 Jj=nz+1 Jj=m3z+1
P2 ma
ZA - Z A; +ZB— Z BJrZQ1 > Ci+>.D;
j=ni+1 j=mi+1 j=na+1 =1

25+ZG72G+ZH72H>D (4.13)

j=mo2+1 Jj=na+1 j=ma+1
The quantities A/ and B/ are defined by the equation (4.10).

Taking m1 = 0, the generalized H-function of two variables reduces to H-function of two variables defined by Gupta
and Mittal [12], then :
Corollary 5

f;’ (o — z) etV H@ —2) g DY %}Afﬁﬁv v (Zzi(a — )4, TzB(a’ — 2)B,s,a)

H(Zlmc(a - :E)c sz (Cl, - Z‘)D)d.'.l’,' =27 s 1\/%(],23-'- Ezg n'=0 P,QA‘;%; ’Af ,;[R?RV W(S CL)

3y
’

1 ab\" imi 0—2Bi—20C4 2B 0,n1+2:mg,ng:my,n
— [ ab 7 i ] 1+2C3 1 3,M3:M4,19
n'! ( 2 2172 a HP1+2,¢11+2 :P3,93:P4,94

20
20(%) | AL {(as 0 Ao - (e B)Yipes {06 G)}ime
' ' (4.14)

Z, (%,)w {(bs; Biy Bi) },ar, By - {(fi5 Fi) bgas {(his Hi) } 10
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under the same conditions and notations the above corollary and m1 = 0, where

1 1
largzi| < §U11r, largza| < §V17r, Ui and V; are defined by the following formulas :

q1 2 P2 mz2
Z%* Z =Y Bitd v Y Uty
j=ni+1 j=1 =1 j=n2+1 j=1
Z§+ZE—§:E+ZF— ZF>O (4.15)
j=ma+1 j=n3+1 j=maz+l1
Z 5+ZG_ Z G+ZH— Z H; >0 (4.16)
j=ma+1 j=nas+1 j=ma+1

The generalized modified H-function reduces to the generalized modified of G-function of two variables defined by
Agarwal [1], we suppose : D = C = 1, and we have the conditions :

(at)lml = (Ai)l;}’] = (%)l,m = (Cl)l,Pz = (Eﬁ}l.m = (G'L)l-l)'l =1 = (-ﬁt)l.q‘l = (B‘L)Lm = (61)1.92 = (Dl}l:fiz = (F‘L)l,tm = (Hl)l,qfl
, we have the result :

Corollary 6
foﬂ’ :B“(a.’ _ I)u+ ebvVzle' =) 40 p7q®H%7k)tﬁ}\1j.fﬁ(faR;v;W(ZxA(a, _ G'Z)A,TGBB(G' _ w)B’ S,a)

G(Z1z(a — ), Zoz(a — x))de = 2724~ IIGQSJ” E” n'=0 p’qA?{:%? Tﬁﬂ?f{(fo;’R;V;W(sa a)

’
L (a's\"™ imio-2Bi-2Cj 2Bi+2C; +2: : :
5 i j i+2Cj my,Mm1+21M2,N21M3, N3 Mg, Ne
'l 2172 a G o 42101 +2:p2,02:D3 95 P48

Zi | AL, (a1)1p, 0 (€)1ps ¢ (€3)1,p55 (9i)1,p4

(4.17)
Zs (bi)l,QUBi : (d ) 1,92 - (fz) ,q_g:(h )l,q4
where
Al =(-1-2u—24i - 2Bj —n'); B} = (—§ — 2u — 24i - 2Bj) (4.18)
1 1 ] )
and |argZ| < §U17r, largZs| < 5V17T, Ui, V; are defined by the following formulas :
Uy = [ma +m1 +ma +na+ma +n3 = 3(p1+ a1+ p2 + a2 + p3 + g3)] (4.19)
and
Vi = [m1 +ni +ma +nz +ma+ns— 5(p1+ a1+ p2+ g2+ pa+ qa)] (4.20)

We consider the generalized Meijer G-function, then mz = nz = p2 = g2 = 0, this gives :

(@i)1p, = (A1 = (Bi)ips = (Gi)ips =1 = (Bi)1,91 = (Bi)1,qy = (Fi)1,q5 = (Hi)1,4, and we have :
Corollary 7

foa “(a’ )“Jrzeb\’”(a —T)dg PP ’:’K): TM ’ﬁ{,URVW(Z:cA(a — )4, TzB(a' — )8, 5,a)

oy 3 »
G(Z1x(a — ), Zoz(a — x))de =272 1 /ma?st2 ZZ’})”EO P:‘IA?{-%?’ Aﬁﬁ:ﬂ{ﬁR;V;W(s, a)

K
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’ . X
, 7 Alv(al)l,jm : (61)1,;)3, (gz)l,m
1 (ap\" ij 9—2Bi—2Cj ,2Bi+2Cj ym1,m1+2:mg,ngime,ng . .
n't ( 2 ) 272 a GP1+2sQL+21P3sQS1P4,Q4 ) (4.21)

Zo | (bi)1,g1> By (fi)1gsr (Rid1,qs

Our function cited above reduces to generalized Meijer G-function of two variables dfined by Agarwal [1], In this
situation, we take m1 = 0, and ()15, = (A)1,p, = (Ei)1ps = (Gi)1ps =1 = (Bi)1,, = (Bi)r,qs = (Fi)1,45 = (Hi)1,q, and

1 1
and |argZ,| < §U17r, largZs| < §V17T, Ui, V; are defined by the following formulas :

Uy = [m1+n1 +mg+n3 — 3(p1 + q1 +ps + q3)] (4.22)
and
Vi=[mi+n+my+ns— 5(p1+q +ps+qa)] (4.23)

We consider the above situation, we take m; = 0,
Corollary 8

foa’ (o — z)vtzebVeEl@ -2 qy p’q@?jﬁjﬁﬁﬁ;%’:mv;w(Z'JZA(G' — )4, TzB(a' — 2)B,5,a)

pih gLy iy

—2u—1 2s+3 B Ao p;
G(Ziz(a — x), Zyz(a — z))dz =27""""y/ma 53 Z:Dj,n’:() p'qA?ifI?K;EL;I\Z,NfR;V;W(Sva)

) Zy | A% (a1)1p0 ¢ (€4)1ps5 (94)1,4
1 (@)n 7iT3 9—2Bi—2Cj ;2Bi+2Cj GU,n1+2:m3,n3:m4,n4 : ’ (4 24)

n'l\ 2 P1+2,q1+2:p3,93:P4,4a . .
Zy | (bi)1,g, B1: (fi)1,ges (hi)1,qs

1 1
with and |argZ:| < §U17r, largZs| < §V17r, Ui, V, are defined by the following formulas :

Uy = [n1+m3+n3 — 5(p1 +q1 +p3 + g3)] (4.25)
and
Vi=[n1+ms+ns— 501+ a1+ pa+ )] (4.26)

Now, we consider the modified of generalized I-function of two variables and we give the particular cases of the
generalized of extended Hurwitz’s Zeta function of two variables. We will use the notations of the first section.

V. SPECIAL CASES OF THE EXTENTED ZETA FUNCTION OF TWO VARIABLES

LetJ=R =0, we get
Corollary 9

foa’ zt(a! — z)utEebVela'—2) p’q‘p?f}}):ﬁﬂiv;v;w(zﬁ(a' — 2)ATzB(d — )8, 5, a)

YA 1 n
I(Zlmc (a — m)c, ZozP (a— m)D)dm = 2—2u—1\/}a21L+% Z?,oj,n’:O p’qA?{;A!K-,E;J\Z‘,N:V;W(S’ a) o] (%)

imj 9—2Ai—2Bj , 2Ai+2Bj mi,ni+1lima,naims,namg,ng
2772 a Ipl+11ql+1:pz,q2:p3,qs:p4,q4
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20
4] (7) Ay, {(ai;ou, A Ai)bp, - {(cis %, Ci Ci) bps © {(€05 Eis Ei) by, (945 Gii Gi) b pa
’ (5.1)

Z, (%’)2'9 {(bi; Bi, Bi; Bi) }1,q,, B {(dis 64, Dis Do) gy 2 {(fis Fis Fi) Frga, {(has Hiy H) b1 g,

under the conditions verified by the theorem and we replace the conditions (E) by the conditions (E’) defined in the
section 1.

Taking H = N = (), this gives :
Corollary 10

fow 25(a’ — 2)5TE bVl —2) p,qq)?{;?i:\ﬁ;ﬁfv;w(zxﬁi(ar — 2)AT2B(a’ — 2)B, 5, q)

r

c c D D o 3 v Xenye e 1 (ab\"
1(Z12%(a— ), Zoz"(a — x)7)dz = 27271 /ma®3 3000 nm%ﬁg;g;w(s,am(“*)

imj 9—2Bi—2Cj 2Bi+2Cj jm1,n1+limz nzims,nzima,ng
24172 ‘a I Ly, 101 ¥ 1:p2 g2 p5 057 0

N 2C
Z (%) Ag, {(ais iy A Ai) by - {(ci;%i, O Ci) baps - {(€55 B Ea) b ps,y 1(905 Gis Gi) hpa

: (5.2)
T ( ’)2D {(bs; Bi, Bi; Bi) }1,q,, Ba : {(di; 65, Dis D) gy = {(fis Fis Fi) bgas { (has Hiy Hy) b g,

a
2
Verifying conditions cited in the theorem and we replace the conditions (E) by the conditions (E’’) named in the first

section.
Now, we consider the generalized Hurwitz-Lerch zeta-function of two variables defined by Pathan and Daman

[15], we
have :
Corollary 11
foat 3;'”(0,' _ I)u+%eb\/x(a1_$) (I)Z;%;w:)\,p-,u(Z:UA(a’ _ :U)A, T:EB(a" _ I)B, s, a)
oo 1 B\
[(Z12%(a — x)€, ZozP (a — z)P)dz = 2-25-1, /ra2s+3 Yigni=0 Wl (m—b) AL (5 @)

2Bi+2C5 [™ ynitlima,naims,naimy,ny

ij 9—2Bi—205
277 2 Ta p1+1,q1+1:92,42:P3,43:P4.q4

N 2C
Z (?) Ay, {(ai s Ai Ai) bpy - {(cis 73, Ci Ca) by (€35 Biy Ei) b pss {965 Gis Gi) hps

~ : (5.3)
7 ( ’)2D {(bs; Biy Bi: Bi) }1,q0, B1 : {(dis 63, Dis Di) }a g {(fis Fiis Fi) b1,gs0 {(has His Hi) b1 g,

o
2

By considering the conditions and notations of the theorem and the following conditions
v,v,a ¢ 0,—1,-2,---}s € C,p,q,Re(s) >0 when |z|,[t| <1 and Re(y+v+s—a—F—X—pu) >0 when
|z| = |t| = 1are satisfied instead of the conditions (E).

We consider the generalized Hurwitz-Lerch zeta-function studied by Bin-Saad, Garg et al. [5,6], we obtain :

This work is under Creative Commons Attribution-NonCommercial-NoDerivatives 4.0 International License.



International Journal for Research in
Applied Sciences and Biotechnology

WwWWw.ijrash.com

ISSN: 2349-8889
Volume-9, Issue-1 (January 2022)

https://doi.org/10.31033/ijrasb.9.1.1

Corollary 12

fo"' r%(a’ — z)*taetVeEle =2) ¢(ZzB (o’ — 2)B, 5,0)[(Z129 (a — )%, ZozP(a — 2)P)dz

’

0o 1 a'b)n i
— 9—2s-1 2s+32 ab zZ o ;
= 2727 ma? T2 ) g W ( sy 2 2Pig?P

’
a

2

Im1 ,n1+1lima,naims,naimg,ny

p1+1,91+1:p2,92:P3,93:P4,94

2c
A (?) A, {(ai a6, Ais Ai) gy 2 {657, Ci Ca) bpe - {(€65 B Bi) Fops {(965 Gis Gi) bpy

(5:4)

Z, (a_')w {(bs; Bi, Bis Bi) }1,q,, B1 : {(di; 60y Dis Di) brgp « {(fi3 £ Fi) b1,ga {(his His Hi) b1 g,

with the conditions mentionned by the theorem and we have ;€ C,a € C \ 79 s € C when |z| <1,Re(s—pu)>1
when |z| = linstead the conditions (E) mentionned in he section1.

Let the generalized Hurwitz’s Zeta function ¢(z, s, a) is defined by [9, p.19], this gives :

Corollary 13

0

fa’ z*(a — :L‘)“*%ebv w(a'~2) p*(ZXB(a' — 2)B,5,0) I(lec(a — :B)C, ngD(a — m)D)dz = 2‘25‘1ﬁa29+%

!
1 (ab\"
ZOO i (C‘Tb) A*(E s a) Zi 2_231(1231- Iml,n1+1:m2,n2:m3,n3:m4,n4
. b ?

i,n/=0

Zl(l

INER

a_
2

p1+1,q1+1:p2,92:p3,93:P4,94

2C
) Aq, {(ai; i, Ais A py {6371 Cis Ci) bps + {(€05 Bis i) b opg, {(945 Gi3 Gi) b

(5.5)

Zg( ’)2D {(bi; Bi, Bis Bi) }.g0, Bu + {(di; 60, Dis Di) bgs = {(fis Fis Fi) b g {(has His Hi) b g

With the conditions using by the theorem are verified where a € C\ Z° s € C when |z| < 1, Re(s) > 1and |z| = 1.

Remarks

We have the same generalized finite integral
with the modified generalized of I-function of two
variables defined by Kumari et al. [14], see Singh and
Kumar for more details [22] and the special cases
mentionned later and the Fox’s H function, We have the
same generalized multiple finite integrals with the
incomplete aleph-function defined by Bansal et al. [3],
the incomplete I-function studied by Bansal and Kumar.
[2] and the incomplete Fox’s H-function given by Bansal
et al. [4], the Psi function defined by Pragathi et al. [17].

We have the same generalized finite integrals
involving the extension of the generalized Hurwitz-
Lerch zeta-function of two variables with the aleph-
function defined by Sudland [27], the I-function defined
by Saxena [20], by Rathie [19] and the Fox’s H-function.

VI. CONCLUSION
The importance of our all the results lies in their

manifold generality. First by specializing the various
parameters as well as variable of the generalized

modified I-function of two variables, we obtain a large
number of results involving remarkably wide variety of
useful special functions (or product of such special
functions) which are expressible in terms of I-function of
two variables or one variable defined by Rathie [19], H-
function of two or one variables, Meijer’s G-function of
two or one variables and hypergeometric function of two
or one variables. Secondly, by specializing the
parameters of this unified finite integral, we can get a
large number of integrals involving the modified
generalized I-functions of two variables and the others
functions seen in this document. Thirdly, by specializing
the parameters of the variables of the Extented Zeta-
function of two variables, we get a big number of known
and news integrals.
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